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The purpose of this investigation is to determine the feasibility
of applying the two-dimensional heat conduction membrane analogy to
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1. Changes in db as taken from figures 9, 10, and 11......... 30
PART I
HISTORY OF AIR-COOLED ENGINE COOLING
1Since the advent of the air-cooled engine its design has largely
been a cut-and-try method. The heat transfer trom a cylinder is con-
sidered as that which is left after the heat dissipation to other sources
has been subtracted from the original heat in the cylinder due to com-
bustion end other sources. (1) To transfer this heat through the cylinder
(1) Personal correspondence from Air-Cooled Motors, Inc., Cooling
calculations for motor type 0-40;-9.
wall to the air, the cylinder designers have found from the general
heat-transfer equation, (2) (1)
(2) Liston, J., Aircraft Engine Design. 1st ed. N. Y., l~Graw­
Hill, 1942, p. 181.
H-UA CT;-T;)
where H is the heat transferred in BtU/hr.
U is the overall heat transfer coefficient for the part of the
(1)
cylinder being studied, Btu/hr per sq ft of base area per
degree F difference between the average temperature (barrel
or head) and the cooling air.
Tl is the average temperature of the head or barrel being con-
sidered, degree F.
Ta is the temperature of the air, degree F.
A is the base area of the cylinder head or barrel exposed to
the air, sq.ft.
that the area required to dissipate the heat left over for steady state
conditions is directly proportional to this heat to be transferred.
The area required for dissipation of the heat was found to be much more
than the area of a finless cylinder such as is used in the liquid cooled
engine. Also the amount of cooling medium could not be controlled 8S in
the case of the liquid cooled engine. The amount of cooling medium (3)
(3) Fraas, A. P., Aircraft Power Plants, 1st ed. N. Y., McGraw-
Hill, 1943, p. 164.
(in this case air) flowing ~ver heated area and the type of flo of the
medium (laminar or turbUlent) as it passes the heated area determine the
amount of heat dissif~ted to the cooling medium. Tests (4) showed that
(4) Fraas, A. P., Aircraft Power Plants, 1st ed. N. Y., MoGrew-
Hill, 1943, p. 161.
the cooling was very effective in the front part of the cylinder, but as
the air neared the rear of the cylinder the heat dissipation became less,
due to the approach of the air temperature to that of the cylinder
temperature.
About 1933, to aid in the transfer of heat, designers added a de-
flector to the path of the air (5) (called a baffle) to direct more air
(5) Ibid.
around to the rear of. the cylinder and partially eliminated the stagnant
point at the rear of the cylinder. This baffle also aided in giving high
2
3tQrbulence to the air flowing around the cylinder, giving a higher heat
transfer coefficient and, therefore, a higher rate of heat transfer.
The cooling efficiency of the air passing between the cooling fins
of the cylinder is controlled in part by the turbulence. Greater turb-
ulence or mixing gives better cooling. The flow may be turbulent or
laminar depending on the value of a dimensionless ratio known as Reynolds
Na~ber (6) (2)
(6) MCAdams, W. H., Heat Transmission, 2nd ad. N. Y., McGraw-Hill,
1942, p. 118.
where V is the velocity of the fluid, ft/sec.
~ is the density of the air, lblcu ft.
~ is the viscosity of the air, lb-sec/ft.
r h is Sib (hydraulic radius)
S is the cross sectional area perpendicular to the fluid flow,
sq ft.
b is the wetted perimeter, ft.
It is general practice to consider that a fluid has laminar flow when
the Reynolds Number is below 2100, and a fluid has turbulent flow when
(7)
the Reynolds Number is 2100 or above.
(1) Ibid.
4The effects of the type of the inside surface of the heated cy-
linder barrel and the type of flow of the hot gases within the cylinder
are combined into a value called the surface-heat-transfer coeffici.erlt
"q" (8) in the following equation.
(8) Pinkel, B., The Heat Transfer Processes in Air~ooled
Engines, Jour. of Aero. Science, Vel. No.4, No. la,
p. 403, August 1937-
Where C is the specific heat of the hot gaa at constant pressure,p
Btu/lb/deg F.
P is the gas density, lb/cu ft.
V is the gas velocity, ft/sec.
~is the gas viscosity, lb-sec/rt.
rh is a cl~racteristie dimension called the hydraulic radius.
k is the thermal conductivity of the metal, Btu/sq ft/deg F
through one ft/hr.
~n.VP is the Reynolds Number, dimensionless.
~
~Cp is the Prandtl Number, dimensionless.
/(
rl' r2' r3' ete., are dimensionless ratios of other important dimensions
of the body to "rh",
and "f" is read "function of." This coefficient "q" is then combined
with other cylinder dimensions not considered in "q" and called the
overall-heat-transfer coefficient "U" between the hot gases inside of
the cylinder and the cooling medium.
Biermann and Pinkel (9) combined tl q" and the cylindel' dimensions
(9) Biermann and Pinkel, Heat Transfer from Finned Metal Cy-
linders in an Air Stream, N.A.C.A. Tech. Rept •. 0.488,1934 •
5
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in an empirical formula for the overall-heat-transfer coefficient;
(4)
where q is the surface heat transfer coefficient, Btu/sq in. total
surface area/hr/deg F temperatclre difference between the
hot gases inside the cylinder and the inside cylinder wall
as found in equation (3).
t is the average fin thickness, inches.
5 is the average space between fins; inches.
W is the fin width, inches.
W' is the effective fin width, W f tJ2, inches.
tt is the fin-tip thickness, inches.
Rb is the radius from the center of the cylinder to the fin root,
inches.
a is 2q/kt.
k is the thermal conductivity of the metal, Btu/sq in./deg F
through one inch/hr.
~ is the distance between adjacent fin surfaces at the fin root,
ft.
In order to obtain (4) the temperature inside the cylinder was
maintained constant and the temperatures at the tip end root of a few
fins were measured with a thermocouple under simulated operating con-
dition~. The empirical formula (4) was then fitted to these data.
The amount of air passing between the fins was another problem
which was solved, after much experimenting, by use of a coverir:g or
cowling (10) around the engine with openings in the front and rear to
(10) Fraas, Arthur P., Aircraft Power Plants, 1st ad. N. Y.,
McGraw-Hill, 1943, p. 161.
allow for the passage of air. The rear openings were so constructed
that the open area could be controlled, thereby controlling the amount
of air flowing past the cylinder fins.
Fin development has since become a problem of production simpli-
fications (11) in the arrangment, shape, end size of fins rather than
(11) Ibid.
a heat-transfer problem. This thesis, by the use of the membrane ana-
logy for conduetion of heat through a homogenuous body, will study the




TO THE MEMBRANE ANALOGY
Application of the membrane analogy has been made in several
fields since its first use in 1917 by Taylor and Griffith (12) to
(12) Taylor, G. I. and Griffith, A. A., Adv. Com. for Aero-
nautics, Tech. Repts. (British) Nos. 333 and 334 (1917-
1918)
solve problems in torsion in various shaped members.
(13)This came from a variation in the identity, shown by Prandtl,
(13) Ibid.
between the equation for force acting on a 60ap film supported at its
edge and the equation for torsion in an elastic bar.
7
(5)
where T is the tension in the membrane.
p is the pressure per unit area.
x is a direction.
y is a direction perpendicular to x.
z is a direction perpendicular to both x and y.
. (14)In 1937, Miles and Stephenson saw that Laplace's equation was
--_.._--,-----
(14) Miles, A. J. and Stephenson, E. A., Amer. Inst. of lane and
Met. Engrs., Tech. Pub. No. 919 (May 1938)
---------------------_._----~-----
similar to that of t~e distribution about gas or oil wells, and from
this found the pressure distribution in reservoirs of irregular shapes
when drained by several wells.
8The actual use of the membrane analogy to solve heat-conduction
problems was introduced by Emmons (1,) in 1943, and Wilson(16) in 1941,
(15) Emmons, H. W., Transactions A.S.K.E., Vol. 63, ~o. 6, pp.
601-615. (August 1943)
(16) Wilson, Lloyd, The Application or the llembrans Analogy to
the Solution of Heat Conduction Problems. Thesis, Missouri
School of Mines and Metallurgy, Rolla, Mo. (1948)
further dev.l~p8d the membrane analogy tor use in steady-state heat
conduction.
Using these developments as a background, a study will be made
ot the temperature variation inside a cylinder tin.
PART III
PROCEDURE AND EXPERIMENTAL DATA
Before the membrane may actually be used, some preliminary calcu-
lations must be made to find the boundary conditions of the typical
cylinder barrel fin shown in figure 1.







Since these fins are bounded by baffles, as shown by the dotted
line, each space between fins may be considered as an enclosed pipe
for the calculation of the turbulence by the use of Reynolds Number
(equation 2). The air velocity is assumed to be 134 miles per hour
(17) Schey, O. W. and Pinkel, B., Cooling of Radial Engines in
Flight, Jour. of Aero. Sciences, No.4, Nov-Oct 1936-1937,
pp. 448-452.
or 196.5 feet per second through the space between the fins. From
tables for air, the density was found to be 0.0745 pounds per cubic
foot and viscosity to be 4 x 10-7 pound-seconds per foot. From the
dimensions shawn in figure (1) other values needed in equation (2)
may be found.
10
5 =.I.9b~ 19S x.fl..:i::o OOOG /J/" .JtIZx,z IZ· 1'0 SCf.}1
and
dividing S by b to find rh
y=S _.OOQ696 =000578jtI".b .IllS .,'
and substituting in equation (2) for the dimensionless Reynolds Number
RN ==8tffi,OOO
Since, as mentioned before, a Reynolds Number above 2100 is considered
as indicating turbulence, it is obvious that the flow between the fins
of an air-cooled cylinder is turbulent.
The Reynolds Number found is used in finding the heat transfer co-
efficient "h" between the air and the outside of the cylinder fin (18)
(18) McAdams, W• H., Heat Trensmission, 2nded. N. Y., McGraw-
Hill, 1942, p. 119.
which is important in calculating the heat transferred from the cylinder
fins to the cooling air.
(19)
The equation from MCAdams used to find the heat transfer coef-
(19) MCAdams, W. H., Heat Transmission, 2nd ed. N. Y., MCGraw-
Hill, 1942, p. 162.
f'icient "h" is
2h = fc Gp ( 6)
11
where f is the dimensionless-friction fector as found from a value of
Reynolds Number (20)
(20) McAdams, W. H., Heat Transmission, 2nd ad. N. Y., MCGraw-
Hill, 1942, p. 118.
Cp is the specific heat at constant pressure, Btu/(lb of fluid)
(deg F).
G is the mass velocity, equal to the product of the velocity in
feet/hr and density in lb/cu ft.
Since the constituants of the equation are not dependent on the
type of metal involved, a value of "h" may be found for all metals
used in cylinder fins with anly one set of calculations.
For a Reynolds Number of 846,000, f =0.0037, (21) V =196~S ttl
(21) Ibid.
see, density =0.0745 Ib/cu ft, and Cp =0.2375 Btu/(lb of fluid)
(deg F).
This value of "h" holds for all metals 8S stated before.
Sample ealculations for 8 fin may be made by considering the
following two siaplificetions;
The fin 1s rectangular in cross-section. (Fin being studied)
12
The fin is long enough, such that heat loss from the end is the
same as if the fin had no end and were longer by one-half its end
thickness.
Using these assumptions, the following equation for heat loss may
be set up from the general heat transfer equations with dimensions











where k is the heat-transfer coefficient of the metal, Btu! (hr)
(sq ft) (deg F/ft) ,
9 is the temperature above atmosphere temperature, deg F,
h is the heat-transfer coefficient between the cooling air and
the metal, Btu/(br)(sq rt)(deg F),
x and yare dimensions as shown in figure (2).
This equation is not readily solvable. This, however, is a case ot
two-dimensional heat flow of the type used by Wilson (22) to link
(22) Wilson, Ope cit. p. 8.
heat-transfer by conduction to the membrane analogy.
From the assumption that the fin is long compared to its thick-
ness, "tn, it is obvious that heat will flow out of the fin only in
the "y" direction or from the top and bottom only. This statement
when considered at the edge of the fin, where "yO is equal to t/2, may
be put into equation form for any point along the edge.
13
(8)
Where k is the heat-transfer coefficient of the metal, Bt~(hr)
(sq tt)(deg F/ft).
~~ is the temperature gradient in the "yO direction only, (at
the edge of the fin),
h is the heat-transfer coefficient between the cooling air and
the metal, Bt~(hr)(sq tt)(deg F),
9 is the temperature at the point where the temperature gradient
is measured above atmosphere temperature, deg F.
This indicates that at the edge of the fin the temperature grad-
ient in a direction perpendicular to the fin is directly proportional
to the rin temperature, at the edge, above air temperature. For
simplification, the air temperature is taken as base temperature with
all other temperatures measured above this base temperature.
"h" and "k" being constant the second derivative of equation (8)
gives;
Using the LaPlacian equation
14
(10)
and substituting for the second derivative of "9" with 1"8spect to "y"
from equation (9) in equation (10)
(11)
This is an ordinary differential equation of the second order with con-
stant coefficients. The general solution of which is
(12)
15
The general equation for "Q" in ter:ns of the variable "x"
is now
(13 )
Equation (13) when solved, using the following values gives th~
temperature "Q" along the edge of the fin as "x" is changed frolll zero
to VI', and tty" is held constant at t/2,
h = 22.2 Btu/(hr)(sq ft)(deg F) as found by equation (6),
w' =wI t/2 inches, as defined by equation (4),
k (23) : 26 Btu/(hr)(sq ft)(deg F!ft) for steel,
30 Btu/(hr)(sq ft) (deg F/ft) for cast iron,
119 Btu/(hr)(sq ft)(deg F/ft) for aluminum,
(23) MCAdams, W. H., Heat Transmission, 2nd ed. N. Y., McGraw-
Hill, 1942, p. 380.
gives a general curve as shown in figure (3).
This sine curve is known to be incorrect since the temperature
gradient is higher, algebraically, nearer the source of heat than at
any other point.
If the boundary conditions are such that the temperature is zero










































The curve formed by this equation is shown in figures (4) and (5).
These are views of the edge curve that will be used 8S the first test
in finding the final curve. This is shown in full scale.
Before trying a test run on the curve found by equation (14), a
practice curve of a straight line was tried in order to see at what
stage of "cure'· the membrane must attain to give accurate results.
"Curett is the length of time that the membrane is allowed to drain off
the excess water. Since the straight line gives a curve of constant
slope, there should be no variation in the elevation perpendicular to
the known straight edge. It will be noticed that all curves taken, as
shown in figure (6) are straight lines with the exception of curve num-
ber five (points not connected since not accurate) which has a slight
sag in the middle. This curve was taken after just a one-minute "cure"
to test the possibility of working with less curing time. The other
curves were taken after the membrane was allowed to "cure" for at least
two minutes. The use of a shorter curing time than was suggested by
Wilson (23) is due to the membrane draining from three of the four sides
(23) Wilson, op. cit. p.8.
instead of its draini g only to one or two sides, as was the ease during
Wilson's investigations in heat conduction.
The edge or the plate must be sharp so that the membrane will
attach itself at the desired points. This was accomplished by under-
cutting the inside of the curved Bupport with a hand-grinder until a































































































































































































of a milling machine, because it was known that curves other than a
straight line or circular arc was to be used, thereby making the milling
machine impractical~ The hand-grinder was held at an angle of approximate-
ly forty-five degrees and grinding slowly on a line about one tenth of
an inch inside the curve until a sharp knife edge was achieved along
the curve support.
Using the data obtained from equation (14) a sine curve as indicated
in figure (4) was constructed, (figure (5) for the fin used for membrane
calculations. A constant el~vation run, as shown in figure (7), was
taken using this sine curve edge to see if this curve satisfied the con-
dition that the temperatt~e gradient at the edge of the fin was proport-
ional to the temperature at the edge of the fin. It is obvious from
figure (7) that this condition is true in the case of the sine curve.
No calculations will be made, since the constant of proportionality will
not be needed.
From elementary heat-transfer it is known that under steady-state
conditions all the heat (24~ going into an area must come out of that
(24) McAdams, Ope cit. p. 3.
area, so that the net heat-transfer around any closed curve must equal
zero. This condition may be stated mathematically in the following
equation






















































































where "dh" is the heat-transfer in the direction perpendicular to "ds"
and paralled to "dn" over the curve "S" as indicated in figure (8).
The above integration may be accomplished graphically by replacing
this curve with a aeries of straight lines which form a closed area as
shown in figure (9), which represents the curves that are to be used in
this investigation. By use of the center line of the fin as one of
these lines, the task is simplified. This line is a line of symmetry;
hence there is no heat flow across it. (25) Since the direction of the
(25) MCAdams, Ope cit. p. 3.
heat-transfer is known, we may find the total heat-transfer across the
upper curve and set this equal to the heat-transfer across the other two
curvos, the flow across the fourth side is zero, (the center line).
Figure (9) shows a top view of the area bounded by the curve des-
cribed above, figure (10) shows an end view of the fin indicating the
change in elevation along the upper and lower lines of the curve, and
figure (11) shows the elevation changes along the edge of the fin and
directly inside of the fin. Fr~ these three charts, the data in
table (1) were tabulated to determine the possibility of accurately
finding the heat-transfer through a certain area.

















































































































END VIEW or FIN SHCWING ELEVATION CHANGIS
OF CURVES (1) and (2)
1.0












































where tlh, An, ~s arathe same as dh, dn, and ds in equation (15)
but are of a measurable distance instead of being infin-
atesima1s.
x indicates the curve measured as shown in figure (9), curves 1,
2 and 3.
The total heat transfer across curve number one was found to be
proportional to
across curve number two
~fjh~jJS =-*",9 (30 xO.Z...... ::. -9j~ 11fj n~ .2 O.Z8Z 'J
and across curve number three
~~'~~::-6~B(~/xo.~=-68. 8
~
Adding the above three results algebraically we get
Ib'r.O-9SLj-G8. 8 =-o.Z
which is very near to the theoretical results, or zero.
28
Fig. 12e Me~brane apparatus with fin model in place.
TABLE 1
Tabulated Data Taken from Figures 9, 10 and 11






























.2430 .1640 ds =0.20








ds = 0.20 de =0.20





It is shown by the above measurements in the membrane representing
the rectangular fin that it is possible to determine exactly what frac-
tion or amount of the heat is given off to the cooling air and what
portion is conducted toward the cool end of the fin. Fortunately the
rectangular fin lent itself to an analytical solution and the membrane
solution checked with this to a high degree of accuracy_
Heat transfer problems dealing with the steady-state where the
boundary conditions are known offer little difficulty. However, if the
boundary conditions are not known, as is the general case along the sur-
face of the fin exposed to the cooling air, the accuracy of this membrane
method will suffice to determine the effectiveness of each increment of
fin length regardless of whether the fin is rectangular, or otherwise all
that is needed is the temperature of the fin at its base and temperature
of the cooling air. The temperature of the fin surface is les8 at points
farthest from the cylinder barrel. Therefore, in the case of a fin of
known but varying cross-seetions, it is only necessary to begin with the
section of the fin at the base and divide it into a number of equal lengths,
say five to ten, and determine the temperature at each division by the
above method, one point at a time. Thus, the effectiveness of a fin design
and the effectiveness of the parts of the fin, such as the tips, can be
determined. It was hoped that a few designs other than the rectangular
fin could be checked, unfortunately the summer term was too ahort for this.
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